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Macroscopic helix-shaped deformation domains were observed in NiTi polycrystalline shape memory
alloy tubes during the stress-induced martensitic phase transition of the material under uniaxial
quasi-static isothermal stretching. Further experiments showed that the shape and size of the helical
domain not only varied with the external applied nominal strain but also depended on the tube geome-
try. In this paper, we analyze and quantify the free energy of the tube system in the presence of the helical
domain by the procedures of the elementary mechanics method. We prove that the shape of the helix is
determined by the competition between the domain front energy and the elastic-misﬁt bending strain
energy of the tube system. The former favors a short helical domain and promotes the domain merging
into a cylindrical domain, while the latter favors a long slim helical domain. Based on the principle of
minimization of free energy, the equilibrium shape of the helical domain is predicted and its dependence
on the material properties, the tube geometry and the applied strain is expressed by a power-law scaling
relationship. Clear physical understandings of the experimentally observed helical domain patterns are
obtained and the results agree well quantitatively with the available experimental data.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
In a series of experiments on stress-induced martensitic phase
transition process of superelastic NiTi polycrystalline tubes ( Li and
Sun, 2002; Sun and Li, 2002; Feng and Sun, 2006; Favier et al.,
2007; Zhou, 2009), distinct macroscopic deformation instability
and formation of macroscopic helical domains were observed. The
evolution of the helical domain with the applied nominal strain in
different tube conﬁgurations were also quantiﬁed in recent more
carefully controlled experiments (Zhou, 2009; see Fig. 1). The basic
phenomenon is that under displacement-controlled quasi-static
uniaxial stretching, phase transition of the polycrystal tube is local-
ized in a helix-shaped macro-domain consisting of almost fully
transformed grains whose statistical average strains (elastic strain
plus transformation strain) are eyy ¼ 6%; exx ¼ 3% and ezz ¼ 3%
in axial, radial and circumferential directions, respectively. The do-
main is separated from the homogeneously deformed elastic
austenitematrix (with an axial strain eyy ¼ 1%) by the domain front
of a ﬁnite thickness. Under continued stretching, this high-strain
helical domaingrowsvia thepropagationof the front (amacroscopic
interface) until it is eventually merged into a cylindrical domain.
Further experiments showed that the number ðNÞ of the helical coils
increases nonlinearly with the increase in the applied strain (Zhou,
2009). In understanding the above phenomena, the following ques-
tions naturally arise: what is the physical principle that determinesll rights reserved.
+852 23581543.the size and shape of the helical domain andwhat is the effect of dry-
friction type stress hysteresis on the domain pattern? And how are
the helical domain size and shape governed by the external loading,
thematerialproperties and the tubegeometry i.e. tube length, radius
and wall-thickness)?
Careful examination and analysis on the energetics of the tube
system (Zhou, 2009) showed that the domain pattern and its evolu-
tion are governed by nonlinear interaction of tube geometry and
material properties. Two key features are identiﬁed. The ﬁrst key
feature of the domain evolution in tube is that the elastic misﬁt
between the helical domain and the austenitematrix creates elastic
strain energy (Fig. 2b) in the tube system. This energy term is sensi-
tive to the domain pattern and in turn inﬂuences the domain evolu-
tion. The second key feature of the helical domain is that, regardless
of the tube diameter and length, the domain front (except near the
two tips) is almost always oriented at about 55 to the tube axis
(see Fig. 2(b)). By Mohr’s circle analysis it is easy to show that, with
the above two in-plane principal transformation strains etryy ¼ 5%
and etrxx ¼ 2:5%, there is no in-plane (xy plane) tangential normal
strainmisﬁt across the domain front of such an orientation. In other
words, the front appears as an invariant-line in the tube surface.
(Note: since the in-plane mismatch energy along the front is domi-
nant over that in the tubewall-thickness direction, itsminimization
leads to the observed in-plane invariant-line of 55 orientation).
However, in the tubewall-thicknessdirection, there is a strongstrain
mismatch ðetrzz ¼ 2:5%Þ across the front (Fig. 2(b) and (c)), which
creates misﬁt strain energy in the near-front region. Therefore, due
to the nature of the transformation strains, the domain front can
Fig. 1. The evolution (see B; C;D; . . . ;H; I; J) of a typical macroscopic helical domain in a tube (L = 50 mm, R = 0.3 mm and h = 0.1 mm) during tensile loading and unloading
processes. Due to the stress hysteresis, the domains at B;C;D and G;H; I are the mechanical equilibrium domains and the domain at E is the thermodynamic equilibrium
domain.
Fig. 2. Schematic drawing to show: (1) the overall necking ðwtrÞ of a tube (see (b)) due to the presence of a helical martensite domain with domain front oriented at the angle
of 55 to the tube axis; (2) the misﬁt etrzz between the domain and the austenite matrix along the wall-thickness direction, which contributes to the main part of the effective
front energy of the macroscopic domain; (3) the similar case of domain front in thin plate with the in-plane invariant-line and the thickness misﬁt (see photos in (c)).
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gle crystals (Roitburd, 1968; Wayman, 1964). Such misﬁt strain en-
ergy is the main part of the effective front energy in the polycrystal
and can be treated mathematically as the interfacial energy of the
macroscopic domain since it is proportional to the domain front
area. More important, for a given amount of domain volume, such
domain front energy or interfacial energy competeswith other elas-
tic misﬁt strain energy in the free energy minimization of the tube
systemandthereforeplaysan important role in thedomainpatterns.
Although the bulk and interfacial energy competition has been used
as a paradigm in most of the material literatures on the equilibriumdomains at the microscopic scale, a satisfactory explanation and
quantiﬁcation on how these energy terms determine the macro-
scopic domain patterns in tube conﬁgurations are still not available.
There are basically two approaches to answer the above ques-
tions: numerical computation (i.e., simulation) and analytical mod-
eling. With the increasing processing power of computers,
numerical simulations play important roles and are widely
adopted to study various complicated issues of micro- and
macro-domain formation and evolution in materials (e.g., for
macro-domains in NiTi SMA, see Shaw and Kyriakides, 1998; He
and Sun, 2006; Sun and He, 2008; He and Sun, 2009). However,
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metric governing factors are usually hidden in the huge amount of
discrete data. Even with the help of dimensional analysis, a clear
physical understanding and quantitative explicit relationships are
still difﬁcult to establish. It turns out that simple analytical models
are often preferred in investigating the phenomena.
In this paper, we aim to develop a simple analytical model to
obtain an explicit relationship among the morphology of the helical
domain (characterized by the number of helical coils, N), material
properties (Young’s modulus E, Poisson’s ratio v and characteristic
transformation strain etr), tube geometry (length L, radius R and
wall-thickness h) and external stretching (applied nominal strain).
For the purpose of simplicity, we model the macroscopic domain
and the austenite matrix as two phases of the same effective elastic
constants, i.e., to treat the domain as an Eshelby-type inclusion. We
focus on the effect of geometric misﬁt and the associated energy
terms on the quasi-static isothermal domain evolution. In Section
2, themain geometricmisﬁts caused by the presence of a helical do-
main in a tube are analyzed and quantiﬁed. Based on the minimiza-
tion of the total free energy of the tube system, the dependence of
the helical domain on material properties, tube geometry and load-
ing conditions are derived in Section 3. The obtained power-law
scaling relationship and the governing factors are discussed and
comparedwith the experimental data for different tube geometries.
We give conclusions in Section 4.2. Problem description and theoretical formulation
We consider a long thin-walled tube (h<<R<<L) containing a
macroscopicmartensitehelical domainas shown in Fig. 2. According
to Kirchhoff’s kinematic assumptions (Ugural, 1999; Reddy, 2007),
the deformations of the tube are determined by the displacement
ﬁelds of the tube’smid-surface (u, v andw along the circumferential
ðxÞ, axial ðyÞ and radial ðzÞ directions). The relevant essential strain
components are eyy; exx and exy. The helical domain is characterized
by the following parameters: radius R, orientation angle / ð¼ 35 so
the pitch length lp ¼ 2pR tan/Þ, and the uniform width lM of the
domain along the axial direction (Li and Sun, 2002), the number ofFig. 3. The tube section T2 of length LM containing a helical domain is imaginarily
transformation, (b) after transformation, (c) unfolded into 2D views before transformatihelical coils N (N needs not to be an integer) and the transformation
strains etryy ¼ 5% and etrxx ¼ etrzz ¼ 2:5%. When the helical domain is
formed in themiddle part of the tube under a given amount of exter-
nal stretching, an overall necking ðwtrÞ of this part can be measured
(Zhou, 2009) and is caused by the reduction of the tube’s circumfer-
ence (due to etrxx ¼ 2:5%) as shown in Fig. 2(b). This necking will
misﬁtwith the rest parts of the tube and createsmisﬁt strain energy.
For the convenience of display and analysis, we imaginarily cut this
tube section ðT2Þof length LM ð¼ N  lpÞ (see Fig. 3) fromthe rest of the
tube ðT1 and T3Þ. Before the phase transition, the imaginaryunfolded
mid-surface of T2 (by cutting along its generator) will be a two-
dimensional (2D) rectangular plate as shown in Fig. 3(c). Then it is
geometrically allowable to let the austenite stripes (a helix in tube)
in the rectangular plate transform freely with uniform transforma-
tion strains etryy ð¼ 5%Þ and etrxx ð¼ 2:5%Þ (notice: but not transform
freely in the tube wall-thickness (z) direction). Now the conﬁgura-
tion of the plate after the transformation is shown in Fig. 3(d),where
the helical domain in the tube now becomesN deformedmartensite
ribbons. As enlarged in Fig. 4(a) and (b), the transformation of these
ribbons not only reduced the circumference of the tube (due to the
constant transverse contraction of the plate by the strain
etrxx ¼ 2:5%) but also shifted the un-deformed austenite, the former
causes an overall radial contraction or necking depthwtr as shown in
Fig. 2(b), the latter rotates the tube generator (or the edge CD of the
rectangular plate) by an average angle h1 anddisplaces the generator
CD by amount of b. When the transformed plate is folded back into a
cylinder (tube section T2) and reconnected to the rest of the tube ðT1
and T3Þ, we ﬁnd the following three geometric misﬁts (besides the
misﬁt etrzz ¼ 2:5% in the tube wall-thickness direction): wtr
(Fig. 2(b)), h1 and the axial misﬁt b (Fig. 4(b)). They are all due to
the in-plane transformation strains of the helical region (the rib-
bons) in the tube (the plate). In the following, wewill quantify these
geometric misﬁts and the associated misﬁt energy.2.1. Twist angle of the tube generator ðh1Þ and axial misﬁt b
As shown in Fig. 4, after the transformation, the original austen-
ite rectangular plate became an overall parallelepiped-shapeddisconnected from the rest of the tube and deform freely: (a) 3D views before
on and (d) after transformation.
Fig. 4. Twist angle h1 of the tube generator (CD) and axial misﬁt b (due to the transformation of N stripes), caused by the formation of a helical domain in a tube.
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the austenite as shown in Fig. 4(b). The line section C0—F 0 of the
generator elongates by an amount b ¼ lM  etryy and rotates by a kink
angle a (Shaw and Kyriakides, 1997; Corona et al., 2002). The aver-
age rotation angle h1 depends on a (or transformation strain) and
the slimness of the helical domain by
h1 ¼
N  lM  1þ etryy
 
 a
N  lp ¼
lM
lp
 1þ etryy
 
 a; ð1aÞ
where lp ¼ 2p  R  tan/; lM=lp is the slimness factor (denoted as
Amp; 0 < Amp < 1) which equals the volume fraction of the martens-
ite in the rectangular plate CDD0C0. When the transformed plate is to
be folded back to form a seamless cylinder (i.e., to satisfy the peri-
odic boundary conditions of the tube), there is a mismatch of
amount b ð¼ lM  etryyÞ between the two generators CD and C0D0 (see
Fig. 4(b)). This situation is exactly the same as the case of a thin-
walled cylinder containing a coaxial screw dislocation with b being
the magnitude of Burgers vector (Hirth and Lothe, 1982). The oper-
ation to make CD and C0D0 coincide (i.e., from the plate to the tube
by the removal of the mismatch b) brings the cylinder a stress-free
uniform twist of angle h2 (Hirth and Lothe, 1982)
h2 ¼  b2pR ¼ 
lM  etryy
2pR
: ð1bÞ
Hence, the ﬁnal total stress-free twist htotal of the tube section T2 is
htotal ¼ h1 þ h2 ¼ lMlp  1þ e
tr
yy
 
 a lM  e
tr
yy
2pR
¼ lM
lp
 1þ etryy
 
 a etryy  tan/
h i
: ð1cÞ
Substituting the value of the kink angle a (see Corona et al., 2002 for
the detailed calculation)
a  3
4
etryy  sin½2  ð90  /Þ ¼ 0:0352  2; ð2Þ
into Eq. (1c), we have the magnitude of the total stress-free twist
htotal:htotal ¼ lMlp  1þ e
tr
yy
 
 a etryy  tan/
h i
¼ lM
lp
 0:00195  lM
lp
 0:1
ð3Þ
It is seen that the stress-free twist of the transformed section T2 is
very small (note that ðlM=lpÞ < 1), which means that there is little
rotation misﬁt between T2 and the rest of the tube ðT1 and T3Þ.
Therefore the shear stress and strain energy produced are negligibly
small. This is very different from the overall twist angle ða ¼ 1—2Þ
in the case of a thin strip under tension (Shaw and Kyriakides,
1997). In fact, it is easy to prove that the twist-caused shear stress
and strain energy in the tube are independent of the domain pat-
terns for a given amount of stretching, even the total stress-free
twist htotal of section T2 is not negligibly small. Therefore, this energy
term will not contribute to the energy variation of the tube system
in determining the shape of the equilibrium helical domain as will
be shown later.
2.2. Radial misﬁt wtr and bending energy in the tube
As shown in Fig. 5, after the section T2 of length LM is discon-
nected from the rest of the tube (T1 and T3), the span LM will have
a uniform overall stress-free radial contractionwtr (i.e., the necking
depth shown in Fig. 5(b)) due to the reduction in the tube circum-
ference since etrxx < 0. To reconnect T1; T2 and T3, shear forces Q0
and Q0 must be applied to the disconnected cross-sections
(Fig. 5(c)) so that one cross-section has a radial contraction of
wtr=2 and the other has a radial expansion of þwtr=2 (see
Fig. 5(c) and (d)). After reconnection, elastic strain energy (mainly
bending strain energy by the deﬂection of the tube’s generator)
will be generated inside the tube. It is seen that wtr characterizes
the amount of uniform radial necking and is the cause for the misﬁt
bending strain energy. The value of wtr (and the associated energy)
depends on the morphology or the slimness factor Amp ð¼ lM=lpÞ of
the helix, tube radius R and the circumferential transformation
strain etrxx ¼ 12etryy
 
as
wtr ¼
etryy  R  Amp
2
: ð4Þ
Fig. 5. The schematic diagram of the overall necking deformations in the tube (a) disconnected stress-free mode; (b) real connected mode; (c) connecting forces joining T1
and T2; (d) cross-section view of the connected mode.
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number ðNÞ of the helical coils under the displacement-controlled
boundary condition:
Amp ¼ lMlp ¼
L  e
N  etryy  lp
; ð5Þ
where e ¼ e eA; eA is the elastic tensile strain of austenite, e is the
applied nominal tensile strain and e is the nominal or average
transformation strain of the tube. Substituting Eq. (5) into Eq. (4),
we obtain
wtr ¼
etryy  R
2
 L  e
N  etryy  lp
¼ L  e
N  4p  tg/ : ð6Þ
It is seen that for a given amount of stretching (i.e., given L  e), the
longer the helical domain (i.e., larger N), the smaller the wtr .
It is known from thin shell theory or elementary mechanics that
the strain energy due to the radial misﬁt is mainly stored in the
two transition regions around the joints, each with a characteristic
length lb 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R  h
p
< R (see Fig. 5, Eq. (8a) and Appendix A). We no-
tice that most experimentally observed helical domains in tubes
have more than two coils (two pitches), which occupy a length
LM along the tube axis ðLM > R > lbÞ. So away from the joint regions,
there is essentially no bending stress. For long tube conﬁgurations
ðL 2RÞ most frequently used in the experiments, the effects of
two clamping ends on the necking deformation can be ignored.
The necking deﬂection proﬁle of the tube (for the part yP 0 in
Fig. 5(d)) can be determined by the boundary conditions at point
y ¼ 0:wjy¼0 ¼  wtr2 ;
@2w
@y2

y¼0
¼ 0:
8<
: ð7ÞThe deﬂection proﬁle of the tube generator (for yP 0) and the elas-
tic strain energy stored can be obtained as (Cook and Young, 1999;
see Appendix A for the details):w ¼ wtr
2
 eby  cosðb  yÞ ðfor yP 0Þ; ð8aÞ
Ubend ¼ p  E  h2R 
1
b
w2tr ¼ 2pR  h  lb  E 
wtr
2R
 2
: ð8bÞ
In the above, b ¼ R2 h23ð1v2Þ
h i1=4
; lb ¼ 1b ¼ 13ð1v2Þ
h i1=4

ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R  h
p 
is the
characteristic length of the necking transition zone. Substituting
Eq. (6) into Eq. (8b), Ubend is further expressed as
Ubend ¼ p  E  h2R 
1
b
 L  e
N  4p  tg/
 2
¼ A1  hR  lb  ðL  eÞ
2  1
N2
; ð8cÞ
where A1 ¼ E32pðtg/Þ2.
2.3. Tube wall-thickness misﬁt ðetrzzÞ and effective front energy density
cfront
As shown in the introduction and detailed in Fig. 6, the third
kind of geometric misﬁt is the strain misﬁt etrzz between the heli-
cal domain and the austenite matrix along the tube wall-thick-
ness direction. It creates macroscopic misﬁt stress near the
interfacial region having approximately the same dimension as
the tube wall-thickness ðhÞ. Since this misﬁt strain energy is pro-
portional to the whole front area we can treat or assign this part
of misﬁt strain energy (of bulk nature) per unit front area as the
main part of the effective macroscopic domain-front energy den-
sity cfront . Using dimensional analysis, cfront can be expressed in
general as
cfront ¼ k  lc  E  ðetrÞ2; ð9aÞ
where lc is the characteristic length scale of the frontal region in-
volved, etr is the characteristic misﬁt strain and k is the coefﬁcient
that is independent of lc and only depends on the Poisson ratio m.
For example, for a single front of a long cylindrical misﬁt inclusion
in an inﬁnite long wire (Zhong et al., 2000), lc is the wire diameter,
etr is the misﬁt strain in radial direction ðetr ¼ etrrrÞ and k  0:05. For
the front in the tube considered here, lc is the tube wall-thickness
h; etr ¼ etrzz and k is of the order of 0.05 and independent of h. There-
fore we have
Fig. 6. Structure of the macroscopic domain fronts: (a) invariant-plane type domain front (interface without macroscopic mismatch stress) and front energy in single crystal
plate ls / lt 	 h, interfacial energy cfront / ls  E  ðetrÞ2; (b) macroscopic non-invariant plane domain front and front energy in polycrystal tube where g 	 h and the front
energy of the macroscopic domain cfront / h  E  ðetrÞ2.
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 	2 ¼ k
4
 h  E  etryy
 2
: ð9bÞ
It is seen that the domain front energy density is accounted for as
the interfacial energy density here by simply including a physical
length scale of the tube wall-thickness h in the expression, reﬂect-
ing its intrinsic bulk nature. In practice, the value of cfront can be
determined either by theoretical calculation or directly ﬁtting the
experimental data.
As shown in Fig. 6(b), another but minor part of the effective
front energy ðcminorÞ here comes from the short-ranged microscopic
stresses due to the inhomogeneity of the misﬁt at the interface, or
from the stresses due to the periodic deviation of the actual misﬁt
from the average misﬁt at the interface between the martensite
domain and the austenite matrix (Roytburd, 1998). For the ideal
invariant-plane type interface in polycrystal, the value of cminor is
estimated to be the order of g  E  etrzz
 	2 with g the length scale of
the period of misﬁt nonuniformity or the order of grain size. Usu-
ally, g 	 h, so cminor can be ignored as compared with cfront . Thus,
the total front energy of the helical domain can be expressed as
C ¼ 4p  R  h  cfront
cos/
 N: ð10Þ
In summary, the geometric misﬁts and the resulted strain ener-
gies due to the presence of a helical domain in tube are respec-
tively the stress-free twist htotal of the section T2, the radial misﬁt
wtr and the wall-thickness misﬁt etrzz. The htotal is negligibly small,
and the wtr and etrzz cause the bending strain energy and the effec-
tive domain-front energy, respectively.
3. Energy minimization and scaling law of the domain pattern
3.1. Scaling law of equilibrium domain pattern
Here, we use the energy minimization principle to obtain the
equilibrium domain pattern in the tube system. In general, this
principle cannot be applied directly to the dissipative systems with
hysteresis like NiTi SMA and a more general principle needs to beemployed. However, for the quasi-static isothermal domains at
points D; F and E (on the upper and lower force plateaus and on
the ‘‘Maxwell-line” respectively (see Fig. 1)), their patterns are
essentially the same and correspond to the same applied nominal
transformation strain eði:e:; ðeÞD ¼ ðeÞE ¼ ðeÞFÞ. In this sense, the
domain patterns at points D and F can be treated as the minimizer
of free energy which corresponds to the domain at point E on the
‘‘Maxwell-line” in Fig. 1. With such understanding in mind, the
problem of the macroscopic dissipative domain evolution in poly-
crystals can be tackled by purposely treating the domain evolution
as a ‘‘thermodynamic reversible” process. Since under given nom-
inal strain (i.e., given amount of martensite) the chemical free en-
ergy part of the system is ﬁxed, the free energy minimization is just
to minimize the sum of the misﬁt strain energy (Eq. (8c)) and the
domain front energy (Eq. (10)), or Utotal, as
0 ¼ dUtotal
dN
¼ dðUbend þ CÞ
dN
¼ A1  hR 
1
b
 ðL  eÞ2  ð2Þ 1
N3
þ 4p  R  h  cfront
cos/
ð11Þ
Solve Eq. (11) for N, we have
N3 ¼ cos/
64ðp  tg/Þ2
 E
cfront
 1
b
 L  e
R
 2
¼ cos/
64 p  tg/ð Þ2
 E
cfront
 lb  L  eR
 2
ð12Þ
or
N
C0
¼ 1
cfront
 !1=3
 eð Þ2=3
where C0 ¼ 13ð1 t2Þ
 1=4
 E  cos/
64ðp  tg/Þ2
 h
1=2
R3=2
 L2
" #1=3
:
ð13Þ
Using Eq. (9b), Eq. (12) can be expressed as
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4k
 lb
h
 
 L  e
etryy  lp
 !2
¼ cos/
4k
 j  N2: ð14Þ
where j ¼ lbh ; N ¼ Leetryy lp
 
¼ Leetryy 2pRtan/
 
. And Eq. (13) becomes
N
C1
¼ 1
k
 1=3
 ðeÞ2=3
where C1 ¼ cos/4
 1=3
 lb
h
 1=3
 L
etryy  2pR  tan/
 !2=3
¼ 1
3ð1 t2Þ
 1=4
 cos/
16  p  tg/  etryy
 2 
ﬃﬃﬃ
R
h
r
 L
R
 2264
3
75
1=3
:
ð15Þ
It is seen from (14) that N depends on j and N which, as
explained below, are dimensionless combinations of the impor-
tant physical quantities deﬁning the tube system. Physically,
j ¼ lbh ¼ 13 1v2ð Þ

 1=4

ﬃﬃﬃﬃﬃ
Rh
p
h 
ﬃﬃ
R
h
q !
represents the competition be-
tween the two misﬁt energy terms (i.e., bending strain energy and
the domain front energy in Eqs. (8) and (10)) in minimizing the total
energy. For a given N, if j or
ﬃﬃﬃﬃﬃﬃﬃﬃ
R=h
p
is large, Nwill be large and a long
slim helical will form, which implies that the bending energy be-
comes dominant. On the other hand, if j is small, the interface en-
ergy dominates so the domain will take a short form (N decreases).
N ¼ Leetryy lp
 
¼ Leetryy 2pRtan/
  
represents the amount of stretching
ðLeÞ normalized by the material property ðetryyÞ and tube geometry
ðRÞ. As shown in Fig. 7, N is the geometrically allowed minimum
number of helical coils (i.e., the shortest helical domain with the
slimness factor Amp ð¼ lM=lpÞ ! 1Þ for a given amount of applied
stretching. From Eq. (14) we can see that the number
N / lbh
 1=3
 N 	2=3  for the real equilibrium helix in the tube isFig. 7. Schematic comparison between (a) an equilibrium helical domain with N coils a
given external stretching (nominal strain).simply magniﬁed by the factor j1=3 ¼ lbh
 1=3
> 1 and is determined
by the competition between the bending and the front energy
terms. The effect of other parameters on the domain pattern can
be similarly discussed. For example, the effects of applied nominal
strain e is reﬂected by e ð¼ e eAÞ which governs the amount of
phase transition. As shown in Eq. (15), N will increase with
e N / ðeÞ2=3
 
but in the nonlinear manner by an exponent 2/3.
This is natural since both the length and the width of the helical do-
main increase with the nominal strain.
In summary, the number of helical coils ðNÞ of the equilibrium
domain is governed by two dimensionless factors j and N with
clear physical meanings. They characterize respectively the com-
prehensive competing effects from the tube geometry, the material
property and the loading condition in the energy minimized do-
main pattern of the tube system.3.2. Comparison with the experimental data
Using the experimental data on the variation of the shape of
helical domains with the applied nominal strain in three different
NiTi tube geometries, comparison with the theoretical prediction
of Eq. (15) can be made. The material properties and the three tube
geometries of these experiments are listed in Table 1. Theoretical
predictions of the number ðNÞ of helical coils (Eq. (15)) are com-
pared with the test data as shown in Fig. 8. Except the coefﬁcient
k which is the only ﬁtting parameter in Eq. (15), all the parameters
are independently measured in the experiments. It is seen that
with k ¼ 0:016, the prediction agree very well with the observed
domain patterns in both the loading and unloading processes of
the experiments. This value of kð¼ 0:016Þ is smaller than the value
for the front in a long wire (k ¼ 0:05, see Zhong et al., 2000). It is
reasonable because the constraint of the thin plate with misﬁt only
along the wall-thickness direction is weaker than that of the wires.
It is seen that the present method to evaluate the macro-domain
front energy density is physically sound.nd (b) the geometrically allowed shortest helical domain with N coils for the same
Table 1
Geometric and material parameters for the three different NiTi tubes.
Length, L (mm) Radius, R (mm) Thickness, h (mm) Youngs modulus, E (Gpa) Poisson ratio, m Helix orientation, / ()
Tube I 68 0.813 0.155 41.9 0.25 32
Tube II 46 0.3 0.1 40.46 0.25 33
Tube III 50 0.3 0.1 40.46 0.25 33
Fig. 8. Comparison between the theoretical calculations and the experimental data of the helical domain in three different NiTi tubes.
Y.J. He, Q.P. Sun / International Journal of Solids and Structures 46 (2009) 4242–4251 42494. Conclusions
A simple analytical model is developed in this paper to analyze
the effects of material, geometry and external loading on the mac-
roscopic domains in the tube conﬁguration under tension. The
elastic misﬁt strain energy in the tube due to the presence of a
stress-induced macroscopic helical domain under quasi-static iso-
thermal loading is formulated. The total free energy of the tube
system is the sum of the misﬁt energy, domain front energy and
the chemical free energy. The problem is treated and quantiﬁed
by the procedures of mechanics of materials. Based on the princi-
ple of the minimization of the free energy, the equilibrium shape
of the helical domain and its dependence on the material proper-
ties, tube geometry and loading strain are predicted. The results
are expressed in the form of a power law relationship. A clear phys-
ical understanding on the nature of the observed various isother-
mal helical domain patterns is obtained by the analysis. We have
answered the questions raised in the introduction as follows:

 The main geometric misﬁts due to the presence of a helical mar-
tensite domain in a NiTi tube are respectively the circumferen-
tial misﬁt which leads to bending deformation and the tube
wall-thickness misﬁt which is the dominant mechanism of the
effective domain front energy. The resulted bending strain
energy depends on the helical domain morphology and favors
a long slim helical domain, while the domain front energy favors
a short and thick helical domain.

 The minimization of the free energy of the tube system leads to
the prediction of the dependence of the equilibrium domain
shape on the applied nominal strain, the tube geometry and
the material properties. The equilibrium shape of the helical
domain is determined by the competition between the two
oppositely acting effects of the domain front energy (interfaceenergy) and bending energy in the minimization of the free
energy. The theoretical predictions are expressed in a power
law scaling and agree quantitatively well with the experimen-
tally observed patterns in three different tube geometries.Acknowledgments
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acknowledged.Appendix A. Elastic strain energy due to circumferential
necking of the tube
We consider a long tube with a central necking section which is
away from the two clamping ends as shown in Fig. 5, where the
tube length (L) is much larger than the length of the middle section
(LM) and LM is much larger than the length of the necking transition
zone ðlb ¼ 1=b 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R  h
p
Þ. The equation governing the necking
deﬂection w in a thin-walled tube is (Ugural, 1999; Cook and
Young, 1999):
D  d
4w
dy4
þ 4D  b4 w ¼ pr
where D ¼ E  h
3
12ð1 v2Þ ; b
4 ¼ E  h
4R  D ¼
3ð1 v2Þ
R2  h2
; 4D  b4 ¼ E  h
R2
:
ðA1Þ
y denotes the axial coordinate of the tube and pr represents the ra-
dial external force. ðE  hÞ=R2 is the equivalent foundation modulus
in the case of elastic-foundation beams. When pr ¼ 0, the solution
of Eq. (A1) can be expressed as
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þ eby  ½C3  cosðb  yÞ þ C4  sinðb  yÞ: ðA2ÞSince the tube under investigation is very long, i.e., y! þ1, the
boundary condition wjy!1 ¼ 0 gives C3 ¼ C4 ¼ 0. The solution can
be expressed asw ¼ eby  ½C1  cosðb  yÞ þ C2  sinðb  yÞ: ðA3ÞIf the shear force ðQ0Þ and moment ðM0Þ are applied to the edge of a
semi-inﬁnite thin-wall tube (see Fig. 5(c)), the deﬂection can be ex-
pressed as (Cook and Young, 1999)w ¼ Q0
2D  b3  e
by  cosðb  yÞ þ M0
2D  b2  e
by½cosðb  yÞ  sinðb  yÞ:
ðA4aÞAnd the largest deﬂection is at y ¼ 0 aswy¼0 ¼ Q0
2D  b3 þ
M0
2D  b2 : ðA4bÞIn our case, the origin of y coordinate is placed at the point connect-
ing the two sections of the tube (T1 and T2 in Fig. 5(a), (c) and (d)),
and the boundary conditions are set aswjy¼0 ¼  wtr2 ;
M0jy¼0 ¼ 0:
(
ðA5ÞFrom Eq. (A4b), shear force Q0 can be expressed in terms of the
necking depth asQ0 ¼ D  b3 wtr: ðA6ÞThe deﬂection is expressed asw ¼ wtr
2
 eby  cosðb  yÞ: ðA7ÞThe direct derivation of the total strain energy due to the necking
deﬂection w is quite complex from the theory of thin shells. Here,
it is obtained by the energy variational principle as follows. From
the force equilibrium equation (Eq. (A1)), the energy variation and
virtual work can be found asZ
D d
4w
dy4
þ4D b4 w
" #
 ðdwÞ 2p R dy¼
Z
pr  ðdwÞ 2p R dy:
ðA8ÞThe right hand side of Eq. (A8) is the virtual work done by the exter-
nal pressure while the left hand side represents the variation ðdUÞ of
the strain energy in the tube due to dw. Therefore, we can obtain the
function of the strain energy of the tube in terms of the deﬂectionw
in the following (simple boundary conditions are used: given
deﬂection and slope at boundaries).dU ¼
Z
D  d
4w
dy4
þ 4D  b4 w
" #
 ðdwÞ  2p  R  dy
¼ 2p  R  D  d
3w
dy3
 ðdwÞ

1
0

Z
D  d
3w
dy3
 dðdwÞ
dy
 dy
(
þd
Z
2D  b4 w2  dy

 
¼ 2p  R  0 D  d
2w
dy2
 d dw
dy

1
0

Z
D  d
2w
dy2
 d
2ðdwÞ
dy2
 dy
" #(
þd
Z
2D  b4 w2  dy

 
¼ 2p  R  0 0
Z
D  d
2w
dy2
 d d
2w
dy2
 dy
" #(
þd
Z
2D  b4 w2  dy

 
¼ 2p  R  d
Z
D
2
 d
2w
dy2
 !2
 dy
2
4
3
5þ d Z 2D  b4 w2  dy
 
8<
:
9=
;
¼ d 2p  R 
Z
D
2
 d
2w
dy2
 !2
þ
Z
E  h
2
 w
R
 224
3
5  dy
8<
:
9=
;:
ðA9Þ
Hence, with the deﬂection proﬁle in Eq. (A7), the strain energy of
the tube is
Ubend ¼ 4  12 D 2pR 
Z 1
0
@2w
@y2
 !2
dyþ1
2
2pR E h 
Z 1
0
w
R
 2
dy
2
4
3
5
¼D 4pR 
Z 1
0
b2 wtr
2
 eby 2sinðb yÞ
 2
dy
þ4
R
p E h 
Z 1
0
wtr
2
 eby  cosðb  yÞ
 2
dy
¼p E h
R
w2tr 
Z 1
0
e2by sin2ðb  yÞdy


þ
Z 1
0
e2by  cos2ðb yÞdy

¼p E h
R
w2tr 
Z 1
0
e2bydy

 
¼p E h
R
w2tr 
e2by
2b

1
0
¼p E h
R
w2tr 
1
2b
: ðA10Þ
1=b is a characteristic length scale of the deﬂected region (deﬂection
damping) that contributes to the strain energy.References
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